
CompOT
• set of feasible transport plans: Γ(𝜇, 𝜈) ≔ {𝛾 ∈ ℝ𝑀×𝑁

+ | 𝑃𝑋𝛾 = 𝜇, 𝑃𝑌 𝛾 = 𝜈}
• Primal Kantorovich problem: 𝐶(𝜇, 𝜈) ≔ inf{⟨𝑐, 𝛾⟩ | 𝛾 ∈ Γ(𝜇, 𝜈)}
• Dual Kantorovich problem: 𝐶(𝜇, 𝜈) = sup{⟨𝛼, 𝜇⟩ + ⟨𝛽, 𝜈⟩ | 𝛼𝑖 + 𝛽𝑗 ≤ 𝑐𝑖,𝑗}
• 𝛾𝑖,𝑗 > 0⟹ 𝛼𝑖 + 𝛽𝑗 = 𝑐𝑖,𝑗
• c-transform: 𝛼𝑐

𝑗 ≔ min𝑖 𝑐𝑖,𝑗 − 𝛼𝑖, 𝛽𝑐𝑖  analog
• Metric

‣ 𝑑(𝑥, 𝑦) = 0⟺ 𝑥 = 𝑦
‣ 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥)
‣ 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧) ≥ 𝑑(𝑥, 𝑧)

• Wasserstein distance: 𝑊𝑝(𝜇,𝜈) ≔ inf {∑𝑖,𝑗 𝑑(𝑥𝑖, 𝑥𝑗)
𝑝𝛾𝑖,𝑗 | 𝛾 ∈ Γ(𝜇, 𝜈)}
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• Monge property: 𝑐𝑖,𝑗 + 𝑐𝑘,𝑙 ≤ 𝑐𝑖,𝑙 + 𝑐𝑘,𝑗 when 𝑖 ≤ 𝑘, 𝑗 ≤ 𝑙
• monotonous transport plan: 𝛾𝑖,𝑗 > 0⟹ 𝛾𝑖′,𝑗′ = 0 for (𝑖′ > 𝑖 and 𝑗′ < 𝑗) or (𝑖′ < 𝑖 and 𝑗′ > 𝑗)
• if 𝑐 satisfies the Mongo property and 𝛾 is monotonous, then 𝛾 is optimal
• Hungarian algorithm, 𝒪(𝑛4), optimized 𝒪(𝑛3)

‣ interest: for each column which row is interested
‣ 𝑗 ∗ = argmin𝑗 𝑐[𝐾, 𝑗] − 𝛽[𝑗]
‣ 𝛼[𝐾] = 𝑐[𝐾, 𝑗 ∗] − 𝛽[𝑗 ∗]
‣ while conflict: (𝑖 ∗, 𝑗 ∗) = argmin𝑖∈𝐼,𝑗∉𝐽 𝑐[𝑖, 𝑗] − 𝛼[𝑖] − 𝛽[𝑗]
‣ Δ = 𝑐[𝑖 ∗, 𝑗 ∗] − 𝛼[𝑖 ∗] − 𝛽[𝑗 ∗]
‣ 𝛼[𝑖] + = Δ, 𝛽[𝑖] − = Δ
‣ if new column still free update assignment using interest

• Birkhoff von Neumann: convex hull of permutation matrices = bistochastic matrices
• auction algorithm, 𝒪(𝑀3 𝐶

𝜀 ), with epsilon scaling 𝒪(𝑀4 log(𝐶𝜀 ))
‣ submit bids: find most attractive y, update dual (𝛼[𝑥] = 𝑐[𝑥, 𝑦] − 𝛽[𝑦]), append to y’s bid list
‣ accept bids: find best bid (argmin 𝑐[bl[𝑦], 𝑦] − 𝛼[bl[𝑦]]), update assignment and duals (𝛽[𝑦] =
𝑐[𝑥, 𝑦] − 𝛼[𝑥] − 𝜀)

• Negative entropy: 𝐻(𝛾) ≔ ∑𝑖,𝑗 ℎ(𝛾𝑖,𝑗) with ℎ(𝑠) = 𝑠 log(𝑠) − 𝑠 + 1
• Entropic primal problem: min{⟨𝑐, 𝛾⟩ + 𝜀𝐻(𝛾) | 𝛾 ∈ Γ(𝜇, 𝜈)}
• Entropic dual problem: sup⟨𝛼, 𝜇⟩ + ⟨𝛽, 𝜈⟩ − 𝜀∑𝑖,𝑗[exp(−

𝑐𝑖,𝑗−𝛼𝑖−𝛽𝑗
𝜀 ) − 1]
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