CompOT

. set of feasible transport plans: I'(y, v) := {y € R¥*N | Pyy = pu, By = v}
« Primal Kantorovich problem: C(u, v) := inf{{c,v) | v € I'(u,v)}
« Dual Kantorovich problem: C(p,v) = sup{{a, u) + (8,v) | a; + 8; < ¢; ;}
* %> 0= o, +B;=c;
« c-transform: of := min, ¢; ; — ;, ] analog
« Metric
»d(z,y) =0<=2x=y
> d(z,y) = d(y, z)
» d(z,y) +d(y, 2z) > d(z, 2) )
« Wasserstein distance: W, ) = inf{zm d(z;, :Ej)p*yi’j | v € T(p, l/)}p
+ Monge property: ¢; ; + ¢, < ¢;; + ¢, ; wheni < k,j <
+ monotonous transport plan: v, ; > 0 =,/ ;, = 0 for (i’ > i and j* < j) or (i’ <iandj > j)
« if ¢ satisfies the Mongo property and -y is monotonous, then 7 is optimal
- Hungarian algorithm, O(n*), optimized O(n?)
» interest: for each column which row is interested
+ jx = argmin, c[K, j] — B[j
o[K] = c[K, j *] — B[] %]
» while conflict: (i *, j *) = argmin;; ;¢ ; c[i, 5] — a[i] — B[J]

v

v

A = c[i *,j *] — afi ¥] — B[] *]
afi] + = A, Bl —=A

» if new column still free update assignment using interest

v

« Birkhoff von Neumann: convex hull of permutation matrices = bistochastic matrices

« auction algorithm, O(M 3%), with epsilon scaling O(M 4 log(%))
» submit bids: find most attractive y, update dual (a[z] = c[z, y] — B[y]), append to y’s bid list
» accept bids: find best bid (arg min c[bl[y], y] — a[bl[y]]), update assignment and duals (5[y] =

clz,y] — afz] —¢)

« Negative entropy: H(7) :=3_, ; h(fym) with h(s) = slog(s) —s+1

« Entropic primal problem: min{7<c, v)+eH(y) | vyel(p,v)}

« Entropic dual problem: sup(a, p) + (8,v) — ¢ Z” [exp(—w) — 1]
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